1 is revisited and analyzed with focus on the two-dimensional case. The MLC scheme is designed to solve smooth multi-scale flow problems with complex physics, such as hypersonic boundary layer transition, turbulent flows, computational aeroacoustics, etc. In its multi-layer framework, the auxiliary equations for the first derivatives are introduced. Accordingly, the first derivatives are evolved simultaneously with the function values. The MLC scheme derived on structured grids has an explicit finite difference formulation, which includes both function values and first derivatives. Benefiting from the multi-layer framework, the scheme achieves very high-order accuracy and spectral-like resolution within a compact stencil. The upwind MLC scheme is derived on a centered stencil, with an adjustable parameter to introduce small dissipation for stability. A main problem of the original MLC scheme 1 is the minor numerical instability in the twodimensional case, which is mainly triggered by the inconsistency between the 1-D and 2-D MLC formulations. Also, the approximation of the cross derivative in the original scheme introduces uncertainty, and it is relatively expensive in very high-order cases. In this paper, a directional discretization technique is designed to extend the 1-D MLC scheme to twodimensional cases. By introducing the auxiliary equation for the cross derivative, the spatial discretization can be fulfilled along each dimension independently. Therefore, the 1-D MLC scheme can be applied to all spatial derivatives, and the 2-D MLC scheme is not required any more. This directional discretization technique avoids any inconsistency between the 1-D and 2-D MLC schemes, and it also overcomes the uncertainty arising from the approximation of cross derivatives. The Fourier analysis demonstrates that all modes of the new MLC scheme are stable in two-dimensional cases, and the new scheme has better spectral resolution and smaller anisotropic error for a large portion of wavenumbers in [0, 2π]. The analysis through matrix method indicates that stable boundary closure schemes are also easier to be obtained for the new MLC scheme with the directional discretization. The numerical results validate that the new MLC scheme has smaller error and better computational efficiency than the original MLC scheme due to the better spectral resolution. The long-time simulation results verify that the original MLC scheme could be unstable in some cases; while the new MLC scheme with the directional discretization is always stable for both periodic and non-periodic boundary conditions.
I. Introduction
In the recent few decades, direct numerical simulation (DNS) has become one of the most important methods for the numerical study of various fluid dynamic problems with multiple scales and complex physics. Examples include the hypersonic boundary layer transition, turbulent flows, and computational aeroacoustics, etc. In 1 , a brief description on these flow problems are given. A shared feature of them is the multiple scales embedded in the fields which are difficult to be captured with schemes of low-order accuracy. In the DNS investigation of multi-scale flow problems, the schemes should have very high-order of accuracy and high spectral resolution for a wide range of wavelength scales. The numerical dissipation and dispersion of such high-order schemes should be low enough to 2 ensure that physical wave components with small amplitude are not suppressed or distorted, which is particularly important in computational aeroacoustics.
High-Order Methods
There are plenty of high-order numerical methods developed in the past few decades, such as spectral methods [2] [3] [4] , compact finite difference schemes [5] [6] [7] [8] [9] [10] [11] [12] , discontinuous-Galerkin (DG) methods [13] [14] [15] [16] , and nonlinear schemes like TVD 17, 18 , ENO 19 , WENO 20, 21 . Many reviews are available for study on high-order methods. Ekaterinaris 22 presented a comprehensive review of the development of high-order methods with low numerical diffusion. Wang 23 discussed high-order methods with emphasize on unstructured grids. Shu 24 presented a detailed review of the development of high-order WENO schemes. A summary of popular high-order methods for smooth flow problems are also provided in 1 . Among these high-order methods, finite difference methods possess the advantages of simple formulations and high computational efficiencies; however, conventional explicit finite difference schemes face difficulty in resolving short waves, which limits their applications in multi-scale flow problems. To relax this constraint, finite difference schemes with spectral-like resolutions have been widely investigated. The compact scheme [5] [6] [7] [8] [9] [10] [11] [12] is an influential alternative. Lele 5 performed extensive analysis on compact schemes and showed that through the implicit relation between the derivatives and function values on several grid points, the error in large wavenumber region is reduced and resolutions for short waves are improved. This idea has been extended by Chu & Fan 12, 25 and Mahesh 10 , by introducing the second derivatives in the implicit difference equation. The resulting scheme termed the combined compact difference (CCD) scheme, can achieve higher orders in accuracy and have better spectral resolution than the normal compact schemes on the same stencils. The dispersion-relation-preserving (DRP) scheme [26] [27] [28] [29] [30] is another widely used finite difference scheme with the spectral-like resolution. Tam and Webb 30 first proposed the DRP scheme by optimizing an explicit finite difference approximation in the wavenumber and frequency space, minimizing the L2 norm error in modified wavenumbers, hence achieved spectral-like resolution. The general idea of these spectral-like finite difference schemes is to lower the error at marginal resolution related to high-frequency wave at the expense of allowing more error for low-frequency wave 3
In the MLC scheme, the auxiliary equations for the first derivatives are introduced, thus the first derivatives are saved as the additional degrees of freedom (DOFs), and evolved simultaneously with the function values. Both function values and first derivatives are used for approximation of higher derivatives. Benefiting from the multilayer framework, the scheme achieves very high-order accuracy and spectral-like resolution within a compact stencil. The upwind MLC scheme is derived on a centered stencil, with an adjustable parameter to introduce small dissipation for stability. Fourier analysis shows that the MLC schemes have small dissipation and dispersion in a very wide range of wavenumbers in both one-and two-dimensional cases; and the anisotropic error is much smaller than conventional finite difference methods in the two-dimensional case. The numerical results demonstrate that good computational efficiency, very high-order of accuracies, and superior resolutions on coarse meshes can be achieved by the MLC schemes.
However, the MLC scheme developed in 1 still have some remaining problems to be addressed for twodimensional simulations. In the first place, the two-dimensional Fourier analysis shows that a minor numerical instability appears in a very narrow range of wavenumbers. The instability is mainly triggered by the inconsistency between 1-D and 2-D MLC formulations. For example, the 1-D upwind scheme is used for the second derivative, while the 2-D central scheme is used for the cross derivative in the MLC scheme. Although the amplification factor related to the minor numerical instability is very small, it may still lead to potential risk in two-dimensional flow simulations. In the second place, the approximation of the cross derivative uses the square stencil where redundant information exists. Therefore, the formula for cross-derivative approximation is not unique and supporting points need to be selected manually. There exist difficulties in two aspects: it is hard to determine the appropriate supporting points and find the optimal formula; and it is hard to derive the 2-D upwind scheme that is compatible with the 1-D upwind scheme, which in turn causes the first problem of inconsistency. This uncertainty of the MLC scheme may also affect the accuracy and the stability of the MLC scheme. In the third place, the cross-derivative approximation on the square stencil is relatively expensive compared with the second-derivative approximation. In the cases of very high-order schemes, it becomes a negligible factor which limits the improvement of the computational efficiency.
To overcome the minor numerical instability, remove the uncertainty, and improve the accuracy and the computational efficiency, a directional discretization technique is designed in this paper. Then, the 1-D MLC scheme can be extended to two-dimensional cases naturally. Similar idea can be found in the central Hermite WENO scheme developed by Tao et al 49 , though their method is based on the finite volume framework. In their methods, the equation of the mixed first-order momentum is introduced when the dimension is higher than one. All zeroth-order and first-order moments, which are integral quantities in each cell, are used in the spatial reconstruction through a dimension-by-dimension strategy. In our directional discretization technique, only values and spatial derivatives at discrete grid points are used for simpler implementation. The auxiliary equation for the cross derivative is introduced in the two-dimensional case; then, the spatial discretization of the entire system can be fulfilled along each dimension independently. Therefore, the 1-D MLC scheme can be naturally extended to twodimensional cases, and no formula of the 2-D MLC scheme is required. With this directional discretization technique, any inconsistency between the 1-D and 2-D MLC scheme can be avoided, and the uncertainty arising from the approximation of cross derivatives is overcome. In the following part of this paper, the numerical method developed in 1 is termed as the original MLC scheme, and the new numerical method presented in this paper is termed as the new MLC scheme.
The context of the paper is organized as follows. In Chapter II, the formulation of the original MLC scheme is revisited, and the new MLC scheme is illustrated on the two-dimensional linear advection equation. In Chapter III, the Fourier analysis and boundary stability analysis with the matrix method are carried out to show the dissipative and dispersive errors, the spectral resolution, the anisotropy, and the stability of the new MLC scheme in twodimensional cases. In Chapter IV, the new MLC scheme is assessed on the linear advection equation with both periodic and non-periodic boundary conditions, and the nonlinear Euler equations using the 2-D entropy wave and 2-D isentropic vortex as test cases. In Chapter 5, the summary and main conclusions of this paper are given.
II. Very High-Order Upwind Multi-Layer Compact (MLC) Schemes
Fluid dynamic problems are governed by the Navier-Stokes equations. In the inviscid flow, the viscous term can be eliminated, and the resulting governing equations become the nonlinear Euler equation, which can be written in the following conservation-law form in the Cartesian coordinate, 
In a wide range of temperature and pressure, the perfect gas assumption can be used, and the total energy per unit volume Et is calculated from, 1 12
The method of lines can be used to discretize the governing equations by separating spatial and temporal discretization. The main difficulty in the spatial discretization is the approximation of the hyperbolic-type convective term in Eq. (1) , which plays an important role in numerical stability. The very high-order upwind MLC scheme derived in 1 can be utilized to discretize the convective term. In the following part of this section, the linear advection equation, which is the model equation of the Euler equations, is used to illustrate the implementation of the original MLC scheme and the new MLC scheme with directional discretization.
A. Original MLC Schemes for Two-Dimensional Cases
The derivation of the original MLC scheme is briefly reviewed in this section, and more details can be found in 1 . The two-dimensional advection equation in the Cartesian coordinate is used to illustrate the derivation in the twodimensional case, 
where u is a scalar, and c1, c2 are advection speeds in x and y directions respectively. Taking the gradient on Eq. (5), a system of partial differential equations are derived in the following form, 12 xx xy
where u, v (=ux), w (=uy) are unknowns. The original equation needs no approximation because v and w are part of the solution, as Eq. (6) shows. The spatial discretization only applies to the last two equations in (6) . The computational domain for two-dimensional advection is a square within the range of a ≤ x ≤ b and a ≤ y ≤ b, where four boundaries can be either periodic or non-periodic. A uniform mesh is used for the computational domain with the grid spacing h in both dimensions. To discretize the system, uxx and uyy in Eq. (6) are approximated using the 1-D upwind MLC scheme along x and y directions, and uxy is approximated using the 2-D central MLC scheme which is one-order higher than the 1-D upwind scheme in accuracy. There are three degrees of freedom (DOFs) -ui,j, vi,j, and wi,j at the grid point (i, j). Fig. 1 shows the stencil of the L1-L2-M1-M2 MLC scheme for two-dimensional cases, where (i, j) is the base point. Only the information at the center line along x or y axis is used to approximate (uxx)i,j or (uyy)i,j respectively, while all points in the square can be considered for the approximation of (uxy)i,j. a), function value layer b), first derivative layers Using the 1-D upwind MLC scheme with the L1-L2-M1-M2 stencil, (uxx)i,j and (uyy)i,j can be approximated as, 
where coefficients al and bm can be derived from the Taylor series expansion. In the truncation error term, α is an adjustable parameter. Non-zero α's lead to upwind or downwind schemes, which have a p-th order of accuracy. When α = 0, the central scheme with the maximum (p+1)-th order is obtained. The value of α has an impact on the stability, accuracy, and stiffness of the MLC scheme. Larger α leads to better stability, larger dissipation and stiffness, and it slightly increases dispersion. Therefore, the value of α needs to be large enough to make the scheme stable and needs to be relatively small to control the dissipation and dispersion. In Eqs. (7) and (8), the same MLC scheme is applied to x and y dimensions respectively. Similarly, the cross derivative (uxy)i,j can be approximated using the corresponding 2-D central MLC scheme as follows,
1 1
which has a (p+1)-th order of accuracy without an upwind truncation error term. The coefficients a, b, c in Eq. (10) can be derived by multivariate Taylor series expansion. In the stencil for cross derivatives, the layer for function values contains (L1+L2+1) 2 gird points, and each layer for first derivatives contains (M1+M2+1) 2 gird points. It can be proven that the linear system of equations with all the points is underdetermined due to redundant information. To get a unique solution of a, b, c's, we must preselect the supporting points in both value and derivative layers. In Eq. (10), only the coefficients for preselected terms are treated as unknowns, and the coefficients for other terms are set to be zero. The criterion is to find the simplest formula which contains the fewest non-zero terms with relatively concise coefficients, which can reduce both the computational cost and the round-off error. Because the 2-D central schemes are one order higher than the 1-D upwind schemes, their combination can maintain at least an overall accuracy of p-th order.
Several typical 1-D and 2-D MLC schemes are presented in the following part of this section. For the 1-D upwind scheme, the recommended α values are selected based on one-dimensional Fourier analysis results. More details can be found in 1 . In two-dimensional simulations, (u', u") in the following 1-D formulas are simply replaced by (v, uxx) or (w, uyy), as in Eqs. (7) and (8) .
One-Dimensional 1-1-1-1 Scheme (3rd Order)
Using a three-point stencil in both value and first derivative layers as shown in Fig. 2 , the coefficients al and bm in Eqs. (7) or (8) can be solved as, The recommended value of α is 1.5 based on the Fourier analysis, and the formula for the third-order 1-1-1-1 scheme can be obtained, 
One-Dimensional 2-2-1-1 Scheme (5th Order) Using a five-point stencil for values and a three-point stencil for first derivatives as shown in Fig. 3 , the coefficients al and bm in Eqs. (7) or (8) The recommended value of α is -1 based on the Fourier analysis, and the formula for the fifth-order 2-2-1-1 scheme can be obtained, 2  1  1  2  1  1  2   1 5  29  9  73  1  1 3  1  7  144  12  2  36  48  4  4 12
One-Dimensional 2-2-2-2 Scheme (7th Order) Using a five-point stencil in both value and first derivative layers as shown in Fig. 4 , the coefficients al and bm in Eqs. (7) or (8) The recommended value of α is 12 based on the Fourier analysis, and the formula for the seventh-order 2-2-2-2 scheme can be obtained, u' 7   2  1  1  2  2   2  1  1  2   1 187  79  49  37  5  864  27  27  864   1 7  11  3  5  1  144  9  4  9 144
Two-Dimensional 1-1-1-1 Scheme (4th Order)
The stencil to approximate uxy in the two-dimensional fourth-order 1-1-1-1 scheme is shown in Fig. 5 , where the preselected supporting points for values and first derivatives are marked with black dots. Following the criterion of keeping fewest non-zero terms with relatively concise coefficients in Eq. (10), a specific formula for the twodimensional fourth-order 1-1-1-1 scheme is derived as follows, In total, four value points, two x derivative points, and two y derivative points are preselected. The locations and coefficients of supporting points are symmetric, which is the indication of central schemes. It turns out other formulas can also achieve the same order of accuracy, but they are more complicated than Eq. (17).
Two-Dimensional 2-2-1-1 Scheme (6th Order)
The stencil to approximate uxy in the two-dimensional sixth-order 2-2-1-1 scheme is shown in Fig. 6 . Following the same criterion as in the 1-1-1-1 scheme, a specific formula for the two-dimensional sixth-order 2-2-1-1 scheme is derived as follows, In total, eight value points, four x derivative points, and four y derivative points are preselected. Again, many other formulas which are more complicated than Eq. (18) may achieve the same order of accuracy.
Two-Dimensional 2-2-2-2 Scheme (8th Order)
The stencil to approximate uxy in the two-dimensional eighth-order 2-2-2-2 scheme is shown in Fig. 7 . Following the same criterion as in the 1-1-1-1 and 2-2-1-1 schemes, a specific formula for the two-dimensional eighth-order 2-2-2-2 scheme is derived as follows, ( ) In total, sixteen value points, four x derivative points, and four y derivative points are preselected. This specific 2-2-2-2 scheme has the simplest formula among all 2-2-2-2 schemes with the eighth-order of accuracy.
B. New MLC Schemes with Directional Discretization for Two-Dimensional Cases
There is a remaining problem in the original MLC schemes presented in Section II.A, which is the minor numerical instability indicated by the two-dimensional Fourier analysis. The analysis results are presented in next chapter. There are two possible reasons behind the minor instability. First, the formula for the 2-D MLC schemes
used for cross-derivative approximations are not unique because of the redundant information within the square stencil, as shown in Fig. 1 . Although the criterion of keeping fewest non-zero terms with relatively concise coefficients in the formula is reasonable for the selection of the supporting points, it mainly focuses on improving the computational efficiency and reducing the round-off error. It is unpractical to conduct rigorous mathematical analysis or numerical tests to compare the performance such as stability, dissipation, dispersion, and anisotropy among numerous candidates. Therefore, the uncertainty always exists in the derivation of the 2-D MLC schemes. Second, it is difficult to generalize the idea of constructing upwind schemes on centered stencils to the 2-D MLC schemes. As shown in the one-dimensional L1-L2-M1-M2 scheme in Eqs. (7) or (8), one of the novelty of the MLC scheme is using an adjustable parameter α to introduce small numerical dissipation for stability, and to make a central scheme "upwind". However, there are multiple leading truncation error terms with the same degree -h p in Eq. (10) when it is expanded at the base point (i, j) through the multivariate Taylor series as follows,
Specifically, a 2-D upwind scheme with p-th order of accuracy contains a total of (p+3) leading truncation error terms. How to choose the coefficients αk of all truncation error terms is unclear and complicated. On the other hand, the upwind schemes possess more uncertainty than the central schemes because the supporting points can be distributed asymmetrically, which makes the preselection of points more complicated. Considering all the complexity, the 2-D central schemes are used in the original MLC schemes for two-dimensional cases. However, it may not be consistent with the 1-D upwind schemes. The remaining problems in the original MLC scheme are all related to the approximation of cross derivatives for two-dimensional cases. It gives us the motivation to seek a numerical method which can avoid the approximation of cross derivatives. Therefore, a directional discretization technique is designed in this paper. The following discussion is continued with the two-dimensional advection equations (6) . The cross derivative uxy is treated as another unknown, and its auxiliary equation is introduced by taking derivatives of Eq. (5) 
In Eq. (21), higher derivatives uxxy and uxyy appears which seems to make the spatial discretization more complicated. However, both the first derivative ux, uy and cross derivative uxy are solved as the unknowns and saved at each grid point. These discrete derivatives can be used to approximate higher derivatives through the MLC schemes. In other words, uxxy can be approximated from uy and uxy, and uxyy can be approximated from ux and uxy. It is obvious that these approximations can be performed along each dimension x or y independently. Therefore, only the 1-D MLC schemes described in section II.A is needed for the spatial discretization. Adding the new auxiliary equation (21) into Eq. (6) and introducing the notation r = uxy, a new system of partial differential equations for the new MLC scheme can be derived as, 
where u, v, w, and r are treated as unknows.
There are four degrees of freedom at each grid point in the new MLC scheme for two-dimensional case, which slightly increases the memory requirement compared with three degrees of freedom in the original MLC scheme. However, the benefit of the additional unknown r is significant.
First, only approximations for second derivatives uxx, wxx, uyy, vyy are needed in Eq. (22) . In other words, the uncertainty in the approximation of uxy is avoided.
Second, the discretization can be carried out along each grid line with the following formulas,
,, , 
where p is the order of accuracy, and α is the upwind coefficient. It is obvious the same 1-D MLC scheme as in Eqs. (7) and (8) can be applied to uxx, wxx, uyy, vyy, therefore, the spatial discretization becomes rigorously consistent for one-or two-dimensional cases. All the properties of 1-D scheme can be naturally generalized to the two-dimensional case, and the implementation of the upwind scheme (α ≠ 0) is straightforward as well. Third, the spatial discretization becomes more computational efficient with the directional discretization technique. As we can see in Eqs. (6) and (22) , although the new MLC scheme introduces an additional equation to solve, there are still four spatial derivative terms to deal with which is the same as the original MLC scheme. Note that for the original scheme, the same cross derivative uxy appears twice in Eq. (6); however, this is just a special case for the linear advection equation. In nonlinear equations like the Euler and Navier-Stokes equations, there will be two different cross derivatives to approximate. The 2-D approximation for uxy is more expensive compared with the 1-D approximations for uxx, wxx, uyy, vyy. If the stencil has n points, the CPU time to approximate a cross derivative is o(n 2 ), while it only takes o(n) CPU time in a second derivative approximation. In very high-order cases where wider stencils are required, the CPU time for cross-derivative approximations will increase significantly. Therefore, the new MLC schemes with the directional discretization should lead to better computational efficiency in two-dimensional flow simulations.
Last, the additional degree of freedom r (or uxy) can furtherly improve the spectral resolution, which can be shown in the two-dimensional Fourier analysis in next chapter.
In summary, in the new MLC scheme with the directional discretization technique, all the 1-D upwind MLC formulas described in section II.A can be applied with no need of modification, and the 2-D central MLC formulas are not required anymore. Consequently, the new MLC scheme can overcome the inconsistency and uncertainty of the original MLC scheme, and should lead to better computational efficiency and spectral resolution.
III. Fourier Analysis and Stability Analysis
In this chapter, the two-dimensional Fourier analysis is performed first on both the original MLC scheme and the new MLC scheme with directional discretization. The dissipation and dispersive errors, spectral resolution, and anisotropic error are analyzed and compared. Then, the matrix method is used to analyze the stability of boundary closure schemes.
A. Two-Dimensional Fourier Analysis
The implementation of the two-dimensional Fourier analysis on the original MLC schemes are described in 1 . In this paper, the method is implemented slightly different, where the Fourier analysis is formulated as an eigenvalue problem instead of solving the roots of a polynomial. This modification makes it easier to find the modes for the new MLC scheme. For the sake of brevity, the formulation is derived briefly in this section with focus on the new MLC scheme.
The analysis is performed on the two-dimensional advection equation and its auxiliary equations, which is Eq. (22) for the new MLC scheme. To be generic, the convection angle θ and Fourier wave angle φ are defined, and the directional convection speed in Eqs. (6) and (22) can be written as, 
where ̂ is the wavenumber, ̂ is a complex characteristic parameter as a function of ̂, and φ is the Fourier wave angle which can be different from θ. If a uniform mesh with spacing h is used, the non-dimensional wavenumber k, the non-dimensional dissipation factor a, and the non-dimensional magnitude of the Fourier modes U can be defined as, (27) Substituting Eq. (26) into Eq. (22) and using the new MLC scheme in Eqs. (23) and (24) to discretize the spatial derivatives, an eigenvalue problem can be formulated as,
where, Ui,j is the non-dimensional magnitude at the grid point (i, j), and A is an complex matrix dependent on θ, φ, k and the coefficients of the MLC scheme, as given below, 
and the complex elements A1, B1, A2, B2 are, For the original MLC scheme, the eigenvalue problem can be formulated in a similar way. The 1-D MLC scheme in Eqs. (7) and (8), and the 2-D MLC scheme in Eq. (10) are applied to the system of equations (6) . The resulting matrix A becomes, 
where A1, B1, A2, B2 still follow Eq. (30), and A3, B3, C3 are related to the 2-D MLC scheme in Eq. (10) . Their formulas are given as follows, 
Three eigenvalues of A correspond to one physical mode a1, and two spurious modes a1, a2. The physical and spurious modes of the original MLC scheme are analyzed in the same way as the new MLC scheme.
In the following part of this section, the Fourier analysis results of the new MLC scheme with the directional discretization are presented, and the comparison with the original MLC scheme is given. As mentioned in the introduction, the Fourier analysis should show the minor numerical instability of the original MLC scheme.
Fourier Analysis of the Third-Order 1-1-1-1 Scheme
First, the third-order 1-1-1-1 scheme with α = 1.5 as given in Eqs. (12) and (17) is analyzed with the twodimensional Fourier analysis. In Fig. 8 , the dissipation factors of the new and original MLC schemes with different convection angle θ and Fourier wave angle φ are compared. All modes are presented in the figures, where R(a1) is the dissipation factor of the physical mode and R(a2), R(a3), R(a4) are dissipation factors of spurious modes.
When θ = φ = 0, as shown in Fig. 8 (a), the two-dimensional Fourier analysis reduces to the one-dimensional case (see 1 for 1-D Fourier analysis). Meanwhile, the new 1-1-1-1 scheme with the directional discretization has the same behavior as the original 1-1-1-1 scheme. All modes are non-positive, which indicates both the new and original 1-1-1-1 scheme are stable. Only two distinctive modes are observed, which are a physical mode a1 and a spurious mode a2. The dissipative error R(a1) increases with the wavenumber k, and R(a2) decreases with k. The behaviors of R(a1) and R(a2) are favorable. If the grid resolution is good enough (small k) in a flow simulation, the spurious mode should damp out due to the large dissipation factor, and the dissipative error for the physical mode should be very small. Other modes in Fig. 8 (a) are trivial. The spurious mode a3 in the original 1-1-1-1 scheme induced by the cross-derivative approximation are neutral (R(a3) = 0), which means a3 should not be changed during the simulation. For the new 1-1-1-1 scheme, R(a3) = R(a1) and R(a4) = R(a2) are observed, indicating that the mode a3 are the same as the physical mode a1 and the mode a4 are equivalent with the spurious mode a2.
When θ = 0 and φ = π/4, as shown in Fig. 8(b) , the dissipation factors of the 1-1-1-1 scheme are very similar with the case in Fig. 8(a) . The only difference is that the physical mode is less dissipative for large k's in Fig. 8(b) , and the spurious mode is more dissipative on the contrary. Other observations from Fig When θ = φ = π/4, as shown in Fig. 8(c, d) , the new 1-1-1-1 scheme has different behaviors from the original 1-1-1-1 scheme in the dissipation factors. The most noteworthy feature for the original scheme is the minor numerical instability of a1 appearing in the neighboring region of k = 1.75. The magnitude of the positive part of R(a1), which equals to 10 -3 , is very small compared to that of a typical unstable mode. For example, in an unstable upwind MLC scheme 1 , the peak of R(a1) is usually greater than 0.5. Meanwhile, the instability only appears in a very narrow range of wavenumbers. Therefore, this specific behavior is termed as the minor numerical instability. It has been proved by numerical tests that the minor numerical instability usually does not give rise to the divergence of a flow simulation 1 , however, the potential risk still exists in the original MLC schemes. In the new 1-1-1-1 scheme with the directional discretization, the numerical instability is removed, and all modes become stable with non-positive dissipation factors. Meanwhile, when both θ and φ is not zero, the physical mode a1 of the new scheme is more dissipative than a1 of the original scheme for large k's. The spurious modes a2 and a3 in the new scheme overlap with a2 of the original scheme. There are more distinctive modes appearing such as a3 in the original scheme and a4 in the new scheme. They have similar shape in the figure, however, a3 of the original scheme is very close to other spurious modes, while a4 of the new scheme is much more dissipative than other modes, which is related to the additional degree of freedom uxy.
When θ = π/3, φ = π/6, as shown in Fig , which is three orders smaller than the case in Fig. 8(d) . In fact, we find that the case of θ = φ = π/4 has the largest instability observed. Second, the behaviors of spurious modes become more complicated. For both the new and original 1-1-1-1 scheme, R(a2) and R(a3) are distinguishable in this case, where the latter is more dissipative. Last, all modes of the new 1-1-1-1 scheme are also distinguishable from the modes of the original 1-1-1-1 scheme, indicating that they should have different behaviors in a case where θ and φ are not equivalent and are both non-zero. The modified wavenumber I(a1) of the new and the original 1-1-1-1 scheme are presented in Fig. 9 . Various θ and φ are analyzed, and the straight lines are exact solutions of I(a) for different cases. When θ = 0, φ = 0, the analysis reduces to the one-dimensional analysis, and the new and the original 1-1-1-1 scheme has the same modified wavenumbers. When θ = 0, φ = π/4, the two MLC schemes also generates the same I(a1). However, in the case of θ = φ = π/4 and the case of θ = π/3, φ = π/6, the new 1-1-1-1 scheme has much better spectral resolution than the original 1-1-1-1 scheme. In general, the introduce of uxy as the additional degree of freedom can benefit the spectral resolution for the two-dimensional simulations if both θ and φ are non-zero. A noteworthy feature of the new MLC scheme is that, the spectral resolution is better in the case of θ = φ = π/4 than that in the case of θ = φ = 0, which is consistent with most conventional finite difference methods. For the original MLC scheme, on the other hand, the spectral resolution is slightly decreased when θ = φ = π/4 compared with the case of θ = φ = 0. This difference is presented more clearly by the anisotropy analysis of phase speed in Section III.B. Fourier Analysis of the Fifth-Order 2-2-1-1 Scheme Then, the two-dimensional Fourier analysis is carried out to the fifth-order 2-2-1-1 scheme with α = -1 as given in Eqs. (14) and (18) . In , which is more significant for the spurious modes. It indicates that reducing the stencil size in the derivative layer leads to smaller dissipation in the spurious modes. This is reasonable because the conventional finite difference method without the derivative layer does not have spurious modes, or equivalently, we can think the R(a) of its spurious mode reduces to zero. Second, the minor numerical instability of the original 2-2-1-1 scheme appears in both R(a1) and R(a3) when θ = φ = π/4, as shown in Fig. 10(d) , which is different from Fig. 8(d) . For the case of θ = π/3, φ = π/6, the original 2-2-1-1 scheme only generates numerical instability in R(a1), and the magnitude is much smaller than the case of θ = φ = π/4. As a comparison, the new 2-2-1-1 scheme is always stable in both physical and spurious modes. Third, unusual behaviors of the spurious modes -R(a2) and R(a3) of the original 2-2-1-1 scheme is observed for small k's. The R(a2) and R(a3) in Fig. 10 (e) converge to a point quickly and then separate gradually. The reason behind this behavior is not clear at this moment. A possible explanation is the inconsistency of the 1-D and 2-D MLC scheme, because this unusual behavior of the spurious modes is not observed for the new 2-2-1-1 scheme, where no 2-D scheme is needed. The modified wavenumber I(a1) of the new and the original fifth-order 2-2-1-1 scheme are presented in Fig. 11 . Compared with the results of third-order schemes in Fig. 9 , the new 2-2-1-1 scheme shows improved resolutions in all 4 cases with different θ and φ. Similarly, the original 2-2-1-1 scheme also has better resolution than the original 1-1-1-1 scheme except that it has slightly decreased resolution for large wavenumbers in the case of θ = π/3 and φ = π/6. 
Exact solutions
Original,  = 0,  = 0 Original,  = /4,  = /4 Original,  = /3,  = /6 Original,  = 0,  = /4 New,  = 0,  = 0 New,  = /4,  = /4 New,  = /3,  = /6 New,  = 0,  = /4 X X X X k R(a) 0 1 2 3 4 -0.4 -0.3 -0.2 -0.1 0 Central scheme Original, R(a 1 ) Original, R(a 2 ) Original, R(a 3 ) New, R(a 1 ) New, R(a 2 ) New, R(a 3 ) New, R(a 4 ) k R(a) 0 1 2 3 4 -0.4 -0.3 -0.2 -0.1 0 Central scheme Original, R(a 1 ) Original, R(a 2 ) Original, R(a 3 ) New, R(a 1 ) New, R(a 2 ) New, R(a 3 ) New, R(a 4 ) 15 c), θ = π/4, φ = π/4 d), θ = π/4, φ = π/4 (zoomed-in) e), θ = π/3, φ = π/6 f), θ = π/3, φ = π/6 (zoomed-in)
Fourier Analysis of the Seventh-Order 2-2-2-2 Scheme
Finally, the two-dimensional Fourier analysis is carried out to the seventh-order 2-2-2-2 scheme with α = 12 as given in Eqs. (16) and (19) . The dissipation factors of the new and original MLC schemes are given in Fig. 12 , and the modified wavenumbers are given in 
Exact solutions
Original,  = 0,  = 0 Original,  = /4,  = /4 Original,  = /3,  = /6 Original,  = 0,  = /4 New,  = 0,  = 0 New,  = /4,  = /4 New,  = /3,  = /6 New,  = 0,  = /4 X X X X k R(a) 0 1 2 3 4 -1.5 -1 -0.5 0 Central scheme Original, R(a 1 ) Original, R(a 2 ) Original, R(a 3 ) New, R(a 1 ) New, R(a 2 ) New, R(a 3 ) New, R(a 4 ) k R(a) 0 1 2 3 4 -1.5 -1 -0.5 0 Central scheme Original, R(a 1 ) Original, R(a 2 ) Original, R(a 3 ) New, R(a 1 ) New, R(a 2 ) New, R(a 3 ) New, R(a 4 ) c), θ = π/4, φ = π/4 d), θ = π/4, φ = π/4 (zoomed-in) e), θ = π/3, φ = π/6 f), θ = π/3, φ = π/6 (zoomed-in)
A summary of the Fourier analysis above is given to end this section: 1. The new and original MLC schemes have the same dissipation factors and modified wavenumbers when θ = 0, and both reduces to the one-dimensional case when θ = φ = 0. 2. When θ and φ are non-zero, the new and the original MLC schemes both become more complicated and show different behaviors. Specifically, the new MLC scheme has slightly larger dissipation than the original MLC scheme for large wavenumbers in the physical mode, and the new scheme also generates an additional spurious mode which is significantly more dissipative than other modes for small wavenumbers. 3. The original MLC scheme shows minor numerical instabilities when both θ and φ is non-zero, where the case of θ = φ = π/4 generates the largest instability. Increasing the order of accuracy usually leads to more numerical instability. On the other hand, the new MLC scheme is always stable because no 2-D MLC scheme is required benefited from the directional discretization technique. 4. When both θ and φ is non-zero, the new MLC scheme shows much better spectral resolution than the original MLC scheme because of the additional degree of freedom uxy. 5. For both the new and original MLC scheme, increasing the order of accuracy leads to smaller dissipation and higher spectral resolution. On the other hand, the MLC scheme is greatly affected by the stencil size of the derivative layer, where a narrower stencil for derivatives can leads to a much less dissipative MLC scheme.
B. Anisotropy Analysis of the Phase Speed
In this section, the anisotropy analysis is performed following the same approach as in the two-dimensional Fourier analysis. To investigate the anisotropic error of the MLC schemes, the phase speed cp is computed from the modified wavenumber I(a1),
where I(a1) is a function of wavenumber k, convection angle θ, and Fourier wave angle φ. Here, we follow Lele's approach 5 in the anisotropy analysis by assuming φ = θ, so that cp is only dependent on k and θ. The exact value of cp is 1 for any k and θ, which corresponds to the outermost circle in the plots. Two properties can be analyzed from the figure; the distorted shape from a perfect circle represents the anisotropic error, and the shrink of the circle represents the dispersive error. Small k values correspond to outer contours, and large k values are represented by inner contours. The figures show that both the anisotropic and dispersive errors increase as k increases from 0 to 2π. Comparing the new and original MLC schemes with the same order of accuracy, we find that the new scheme always has smaller dispersive error than the original scheme. Meanwhile, the new MLC scheme also shows smaller anisotropic error for a large portion of the wavenumbers in [0, 2π] . Only when k is very large (contours close to the center), the original MLC scheme shows better isotropy. This advantage of the MLC scheme on the isotropy becomes more significant when the order of accuracy increases. For example, the new 2-2-2-2 scheme in (c) shows much smaller anisotropic error than the original 2-2-2-2 scheme in (f) for k < 1.6π (outside the orange dashed line). The small k components are usually dominating and more important in flow simulations. Therefore, the new MLC scheme should possess better numerical isotropy than the original MLC scheme for twodimensional cases. It is also noteworthy that the contours of the new and original MLC schemes possess different patterns. The new schemes in Fig. 14(a, b, c) always have the smallest dispersive error at θ = ±π/4 and ±3π/4, and the largest error at θ = 0, π, and ±π/2. While the original schemes in Fig. 14(d, e, f) have more complicated patterns. Specifically, the original 1-1-1-1 scheme and the original 2-2-2-2 scheme have similar patterns where the smallest dispersive error seems to appear at θ = ±π/8, ±3π/8, ±5π/8, ±7π/8, and the largest error seems to locate at θ = 0, π, and ±π/2. The original 2-2-1-1 scheme presents an unclear pattern in the contours; a possible reason is that the stencil size for the value layer and the derivative layer are different.
The complex pattern of the original MLC schemes is due to the inconsistency between the 1-D and 2-D MLC scheme. As mentioned in Section II.A, the formulas for second derivatives and cross derivatives are derived separately in the original MLC scheme, and the upwind setting is applied to second derivatives only. On the other hand, the new MLC scheme can use the same formula for all derivatives through the directional discretization technique; therefore, the upwind scheme can apply to the entire system. An evidence is from the anisotropy analysis for conventional finite difference methods. In Fig. 15 , the phase speed cp of Zhong's fifth-order upwind explicit scheme with α = -6, and Zhong's fifth-order upwind compact scheme with α = -1 50 are analyzed in a similar way. Because a mono-layer scheme cannot resolve any wave with k > π, only k within [0, π] is plotted. It is clearly that the both Zhong's explicit scheme and compact scheme in Fig. 15 shows the same pattern as the new MLC scheme in Fig. 14(a, b, c) , although these conventional schemes have much lower spectral resolution due to their the monolayer framework. This similarity indicates that with the directional discretization, the new MLC schemes can achieve consistency in the multi-layer framework. In summary, the anisotropy analysis demonstrates that the new MLC scheme has better isotropic phase speed than the original MLC scheme in two-dimensional cases. Through the directional discretization technique, the dispersive error along any orientation is reduced for wavenumbers within the range of [0, 2π], and the anisotropic error is reduced for a large portion of wavenumbers in [0, 2π]. The new MLC scheme can also achieve the consistency in the multi-layer framework. Accordingly, it has a simple and clear pattern in the anisotropy contours as the conventional finite difference method does, while the original MLC scheme shows more complicated patterns.
C. Stability of Boundary Closure Schemes in Two-Dimensional Cases
High-order finite difference methods often require boundary closure schemes for grid points on or near the boundaries of the computational domain. When the inner scheme is coupled with boundary closure schemes, the stability of the inner scheme can be affected. It is known that for a p-th-order inner scheme, the stable boundary closure scheme can be one order lower to maintain the p-th-order global accuracy of the inner scheme. The analysis for boundary closure schemes in the one-dimensional cases have been finished through the matrix method in 1 , and the stable configuration has been obtained for the original 1-1-1-1 scheme and 2-2-2-2 scheme. The matrix method used in the one-dimensional analysis can be generalized to the two-dimensional stability analysis.
The two-dimensional advection equation and its auxiliary equations as shown in Eqs. (6) and (22) are used again in the matrix method. A finite domain is discretized by a uniform mesh with grid spacing h in both x and y direction, as shown in Fig. 16 . Both x and y are in the range of [0, Nh], i.e., the indexes i and j arrange from 0 to N. Inflow boundary conditions are used at i = 0 and j = 0, and characteristic boundary condition is used at i = N and j = N. For the linear advection, the inflow conditions are specified by u j 0(x, t) and u i 0(y, t); the characteristic boundary conditions are implemented by using one-sided MLC scheme. The upwind MLC schemes on centered stencil are used at interior grid points, and different boundary closure schemes are applied when the stencil of inner scheme goes beyond the left and right boundaries. For the original MLC schemes, specific formulas of boundary closure schemes for cross derivatives are selected carefully, though it may not be the optimal choice due to the uncertainty in cross derivatives. For the new MLC schemes, both the 1-D inner scheme and the 1-D boundary closure scheme can be extended to two-dimensional cases naturally without extra derivations.
Fig. 16. Schematic for stability analysis on two-dimensional linear advection equation.
In the matrix method, Eq. (6) or Eq. (22) is discretized into a system of ordinary differential equations by using the inner and boundary closure schemes. By assuming c = 1 and defining the convection angle θ, c1 and c2 in Eqs. (6) and (22) can be replaced by cosθ and sinθ respectively. The resulting equations can be written in a system of ordinary differential equations in matrix form,
where G(t) is the matrix containing all the boundary source terms, and it can be ignored in the stability analysis. The first normal derivatives and cross derivatives on the inflow boundary can be determined from the two-dimensional advection equation as follows, 
where matrices A1, A2 and B1, B2 keep the same and C, D, and E contain the coefficients of both the 2-D inner scheme and 2-D boundary closure schemes. The dimension of the vectors and matrices are as follows, 
U U U U I A A B B C D E
The stability of Eq. (35) is determined by eigenvalue of matrix L, which only depends on the particular inner and boundary closure schemes. For asymptotic stability, the real part of all the eigenvalues of L needs to be nonpositive. In this paper, the eigenvalues of L are solved numerically, and the eigenvalue spectrum is used to show stability. Different α values for the 1-D inner scheme are analyzed.
From the stability analysis of boundary closure schemes in the one-dimensional cases 1 , two stable configurations of inner and boundary closure schemes are obtained, which are listed in Table 1 . In this section, the configuration is extended to two-dimensional cases. For the new MLC scheme with the spatial discretization, no extra derivation is needed. For the original MLC scheme, the additional configuration for the cross derivatives are listed in Table 2 . Note that inflow boundary conditions are applied on i = 0 and j = 0, where the values and tangential derivatives are prescribed and the normal derivatives are determined from Eq. (36) . From the configurations in Table 1 and Table 2 Fig . 17 shows the eigenvalue spectrum for Case 1, where the overall order of accuracy is 3. The eigenvalue spectrums show that the third-order configuration in both the new and original MLC schemes are stable with all three α values. Both figures show that larger α causes the spectrum to move towards negative direction, which means the scheme becomes more stable. When α = 3, a large portion of the eigenvalue spectrum is significantly shifted to the negative direction, which indicates there may be excessive dissipation. As we suggested in the onedimensional analysis 1 , α = 1.5 is a reasonable choice for introducing small but enough dissipation. Fig. 17 also shows that the new MLC scheme (b) has a more coherent pattern in the eigenvalue spectrum compared with the original MLC scheme (a). The new MLC scheme has more concentrated eigenvalue spectrum for each specific α value, and the spectrums for different α values are better separated. a), original 1-1-1-1 scheme b), new 1-1-1-1 scheme Similarly, Fig. 18 shows the eigenvalue spectrum for Case 2, where the overall order of accuracy is 7. Fig. 18 (a) shows that the seventh-order configuration with α = 0, 12, 24 for the 1-D inner scheme are unstable in the original MLC scheme. Only α = 36 leads to non-positive real parts in the eigenvalue spectrum, which indicates that the original MLC scheme requires a very large α to insure boundary stability in Case 2. Fig. 18(b) shows the seventhorder configuration with α = 12, 24, 36 are all stable, indicating that the boundary stability is much easier to achieve in the new MLC scheme with the directional discretization. For maintaining small dissipation, α = 12 is a reasonable choice. Similar to Case 1 in Fig. 17 , the new MLC scheme also shows more concentrated and better separated eigenvalue spectrums for Case 2 compared with the original MLC scheme. In summary, the analysis of boundary closure schemes in two-dimensional cases demonstrates that stable boundary closure schemes can be obtained in both the new and original MLC schemes by choosing a reasonable α. However, in the case of very high-order inner scheme such as the 2-2-2-2 scheme, the new MLC scheme shows much better boundary stability for small α values; while the original 2-2-2-2 scheme requires very large α values, which introduce too much dissipation.
Chapter 3 compared the new MLC scheme and the original MLC scheme with the two-dimensional Fourier analysis and matrix method. By using the directional discretization technique, the new scheme is consistent in oneand two-dimensional cases, and it overcomes the uncertainty arising from the approximation of cross derivatives. The results demonstrate that the new MLC scheme can avoid the minor numerical instability encountered in the original MLC scheme, and it also has better spectral resolution and smaller anisotropic error for a large portion of wavenumbers in [0, 2π] compared with the original scheme. When coupled with the boundary closure schemes, the new MLC scheme also shows better stability than the original scheme, which allows using smaller α values to avoid excessive dissipation.
IV. Numerical Tests of MLC Schemes
In this chapter, the numerical tests are conducted for the 2-D linear advection, the 2-D entropy wave, and the 2-D isentropic vortex problems. Both the new and the original MLC schemes are applied to these tests, and Zhong's upwind explicit scheme are also used for comparison in some cases. The adjustable parameter α for MLC schemes follows the recommended values in 1 , which are also given in Section II.A. Numerical solutions are compared with corresponding analytical solutions, and the order of accuracy is evaluated by grid refinement. Periodic boundary conditions are set for most cases in this chapter. In the 2-D linear advection, the effect of boundary closure schemes for non-periodic boundaries is also investigated.
A. Linear Advection Equation
In this section, the propagation of a sinusoidal plane wave is simulated, which is governed by Eq. (5). The exact solution and initial condition of the wave (t = 0) are given as,
, , 2sin 6 0.5 u x y t x y c c t
where c1 and c2 are the directional advection speeds in Eq. (5), and both is set to be √2/2 here. The setting is consistent with the case of θ = φ = π/4 in the two-dimensional Fourier analysis (see Fig. 8 , Fig. 10 , and Fig. 12 , where the minor numerical stability exists. The computational domain is a square field within the range of 0 < x < 1 and 0 < y < 1, which includes three wave periods. A uniform mesh with N grid panels in both dimensions is used. If the periodic boundary condition is applied, only the inner MLC scheme is needed for spatial discretization. If the non-periodic boundary condition is used, both the inner MLC scheme and boundary closure schemes are needed. The scheme configuration and spatial discretization for the non-periodic case are described in Table 1 and Table 2 . The original MLC scheme, the new MLC scheme, and Zhong's upwind explicit scheme are tested in this example. The system of equations (6) is used for the original MLC scheme; the system of equations (22) is used for the new MLC scheme; and Zhong's upwind explicit scheme applies to the original equation (5) directly. The fourth-order Runge-Kutta method is used for the time integration. A small CFL number of 0.01 is used, so that the error from the time integration is much smaller than that from the spatial discretization.
Results of Periodic Boundary Conditions
In the first place, the periodic boundary conditions are applied to all boundaries. The solution at t = 1 from the original and new MLC schemes are compared to show the errors and rates of convergence. The results of the thirdorder 1-1-1-1 scheme, the fifth-order 2-2-1-1 scheme, and the seventh-order 2-2-2-2 scheme are presented in Table 3 , Table 4 and Table 5 . The rates of convergence demonstrate that both the original MLC scheme and the new MLC scheme can achieve their expected orders of accuracy. For the original scheme, the rates of convergence are even higher than the expected order. The higher convergence rate is related to the central scheme for cross-derivative approximations. Compared with the upwind scheme for second derivatives, the central scheme is one order higher in accuracy, while the expected order is determined by the upwind scheme. For the new MLC scheme with the directional discretization, the rates of convergence are closer to the expected order because only the 1-D upwind scheme is used in the spatial discretization. On the other hand, the new MLC scheme outperforms the original MLC scheme with respect to accuracy, because it always shows smaller error on the same mesh. The difference in error is more obvious when N is small, which corresponds to large wavenumbers in the Fourier analysis (see Fig. 9 , Fig. 11 , and Fig. 13 ). In other words, both the numerical test and Fourier analysis prove that the new MLC scheme has better spectral resolution for large wavenumbers because of its additional degree of freedom uxy. Moreover, this advantage of the new scheme on accuracy becomes more significant for very high-order schemes like the 2-2-1-1 scheme in Table 4 and the 2-2-2-2 scheme in Table 5 , where the error of the new scheme is always one order smaller than the error of the original scheme. Since the main purpose to develop the MLC scheme is to achieve both the very highorder of accuracy and the spectral-like resolution, the new scheme developed in this paper could further realize the goal in two-dimensional flow simulations. 
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To investigate the accuracy and stability of the MLC schemes, the long-time simulation results at t = 100 after the sinusoidal wave has traveled approximate 212 wavelengths are analyzed. The computational efficiency of different MLC schemes is compared as well. Fig. 19 compares the evolution of L2 error with non-dimensional grid spacing β using different MLC schemes and Zhong's explicit schemes. The non-dimensional grid spacing β is defined as, kh  = (41) where k is the wavenumber, and h is the dimensional grid spacing. In Fig. 19 a) , the errors of the original 1-1-1-1 scheme and 2-2-2-2 scheme grow abruptly during grid refinement when β is too small. This deterioration of solution is the result of the minor numerical instability of the original MLC scheme presented in Section III.A. In the periodic simulation, there is no boundary source term to correct the numerical error, eventually, the simulation may diverge if any numerical instability exists. The Fourier analysis in Fig. 8, Fig. 10, and Fig. 12 show that the original 2-2-2-2 scheme has the largest magnitude of instability, then follows the 1-1-1-1 scheme and 2-2-1-1 scheme. It can explain why the error of the 2-2-2-2 scheme increases faster than that of the 1-1-1-1 scheme, and the 2-2-1-1 scheme is still stable in Fig. 19 a) . As a comparison, the new MLC scheme is always stable during the grid refinement, and it also shows smaller error than the original MLC scheme with the same stencil. This observation further proves the increase of spectral resolution of the new MLC scheme due to the introduce of uxy. In Fig. 19 Table 6 compares the CPU time of several new MLC schemes with those of original MLC schemes which have the same stencils and order of accuracies. It demonstrates that the simulation with the new MLC scheme always runs faster, and the advantage of the new scheme becomes more significant when the order of accuracy increases. As explained in Section II.A, although the directional discretization technique introduces an additional equation to solve, it avoids the time-consuming approximation of cross derivatives. Overall, it leads to better computational efficiency, especially for high-order MLC schemes. 
Results of Non-Periodic Boundary Conditions
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In the next place, the results of non-periodic boundary conditions are analyzed. As described in Fig. 16 , the inflow boundary conditions in Eq. (36) are enforced at the bottom and left boundaries; while the characteristic boundary conditions are applied to the top and right boundaries through the one-sided MLC schemes. The long-time simulation results at t = 100 (212 wavelengths) are used to compare the accuracy and stability of the original and new MLC schemes. Table 7 presents the errors and rates of convergence of the new 1-1-1-1 scheme and the original 1-1-1-1 scheme. The configuration of inner and boundary closure schemes follows Case 1 in Table 1 and Table 2 . It demonstrates that both the new scheme and the original scheme can achieve or surpass the expected third-order global accuracy. Similar with the periodic simulation results, the original MLC scheme shows slightly higher rates of convergence because of the use of central scheme for cross derivatives. However, the difference is very small here because the lower order boundary closure schemes also affect the rates of convergence. On the other hand, the new 1-1-1-1 scheme still shows smaller error especially for small N's due to its better spectral resolution. As suggested in Fig. 17 , both the new and the original 1-1-1-1 scheme with the recommended α value of 1.5 are stable. original and new 1-1-1-1 scheme (3rd order) for 2-D linear advection with non-periodic boundary conditions (t = 100). Similarly, Table 8 compares errors and rates of convergence from the original 2-2-2-2 scheme and the new 2-2-2-2 scheme. The configuration of inner and boundary closure schemes follows Case 2 in Table 1 and Table 2 . The results demonstrate that the original 2-2-2-2 scheme with the recommended α value of 12 is unstable, as predicted by the matrix method in Fig. 18 . It should be noted that the divergence is not merely caused by the minor numerical instability from the inner scheme, but the combined effect from the inner scheme and boundary closure schemes. If α is increased to 36, the original 2-2-2-2 scheme becomes stable but includes large dissipation. The results also demonstrate that the new 2-2-2-2 scheme with α value of 12 is stable, which suggests that the new MLC schemes should have better boundary stability in very high-order cases.
Similar with the comparison in Table 7 , the original 2-2-2-2 scheme shows slightly higher rates of convergence than the new 2-2-2-2 scheme; however, the new scheme outperforms the original scheme in accuracy, as the error is much smaller on the same mesh. Therefore, the advantage of the new MLC scheme on accuracy is still significant in cases with non-periodic boundaries. In summary, the numerical tests on the two-dimensional linear advection equation demonstrates that the new MLC scheme has smaller errors in both cases with the periodic or non-periodic boundary conditions due to the additional degree of freedom uxy; and the advantage is more significant for very high-order schemes. The long-time simulation result demonstrates that the new MLC scheme has better computational efficiency especially for the very high-order schemes, because the directional discretization in the new scheme avoids the cross-derivative approximation. The long-time simulation also verifies that the new MLC scheme is always stable for both periodic and non-periodic boundary conditions, while the original MLC scheme could be unstable in some cases. Specifically, the deterioration of the solution is observed in the original 1-1-1-1 and 2-2-2-2 scheme for periodic boundary conditions; the original 2-2-2-2 scheme with recommended α value of 12 is unstable for non-periodic boundary conditions.
B. Nonlinear Euler Equations
To apply the MLC scheme on the Euler equations (1), the auxiliary equations are required. For the original MLC scheme, auxiliary equations for first derivatives of U are introduced. In the spatial discretization, the locally global Lax-Friedrichs approach is first applied on the inviscid flux terms; then, the upwind and downwind schemes can be used to discretize the positive flux and negative flux. The details of the methodology for the original MLC scheme is described in 1 . For the new MLC scheme, the procedures are very similar with those in 1 . The main difference is that there are additional auxiliary equations for the cross derivatives of U to solve, therefore, the derivation and resulting formulas are more complicated. However, the numerical tests in this section can prove that the computational efficiency is improved due to the avoidance of the cross-derivative approximations for the flux terms. The procedures for applying the new MLC scheme on the Euler equations are briefly described in the following.
In the Cartesian coordinates (x1, x2, x3) , the auxiliary equations for first derivatives are introduced as follows,
where j, k = (1, 2, 3) , and j is a dummy index. Eq. (42) is the same auxiliary equations as used in the original MLC scheme. It has two or three components in two-dimensional or three-dimensional cases respectively. For the new MLC scheme, auxiliary equations for cross derivatives are derived by taking derivatives on Eq. (42). It should be mentioned that the formulation for three-dimensional cases are different with that for two-dimensional cases, which is not discussed in this paper. Accordingly, the description below only focuses on the two-dimensional case. The auxiliary equation for the cross derivative Uxy in two-dimensional cases is of the form, 
The Euler equations (1) and the auxiliary equations (42) and (43) can be written in vector forms as follows, 
Similar as Eq. (22), 3 additional degrees of freedom can be defined as, , ,
Since F1 and F2 are nonlinear functions of U, the Jacobian matrices A1 = ∂F1/∂U and A2 = ∂F2/∂U are introduced. Then, the first derivatives and the cross derivatives of inviscid fluxes in Eq. (44) can be computed analytically as follows, 1  1  1  1  1  1  1   2  2  2  2  2  2  2 , ,
, ,
Combining Eqs. (44) - (46), the system of equations used for the new MLC scheme can be obtained, 
Because the fluxes and their derivatives are calculated from Eqs. (3) and (46), it is clear that F1xx, F1yxx in Eq. (47) can be discretized along the x direction, and F2yy, F2xyy can be discretized along the y direction. The discretization follows the same formula as given in Eqs. (23) and (24) .
Before applying the upwind MLC schemes, the locally global Lax-Friedrichs approach 1 is used to the split the inviscid flux terms. All fluxes and their derivatives are decomposed into positive and negative wave fields as follows,
where the subscripts j, k = (1, 2). Note that j is not dummy index any more in Eq. (48) . The derivatives that need to be discretized in Eq. (47) 
The positive part in Eq. (49) is approximated by the upwind MLC scheme along the j direction, and the negative part is approximated by the downwind scheme in the same manner. The downwind MLC scheme has the same formula as the upwind scheme in Eqs. (23) and (24), but the opposite sign in α. It is required that the flux Fj + and Fj -contains only positive and negative eigenvalues in their Jacobian matrices respectively. A straightforward approach to construct Fj + and Fj -and their first and cross derivatives are, 11
where, Λ is a positive parameter that is a constant within each stencil, but a variant for stencils at different base point. The first derivatives and cross derivatives in Eq. (46) can be decomposed in the same manner. Within an arbitrary stencil, Λ is determined from, ( )
where λi is a positive parameter chosen to be larger than the local maximum eigenvalues of the Jacobian Aj on the grid point i. The procedure is repeated for every base point. Compared with using a constant λ in the entire domain, the locally global Lax-Friedrichs approach has lower dissipation. After the MLC approximations, Eq. (47) becomes a system of ordinary differential equations, which can be solved by the Runge-Kutta methods. The discretization described above is performed with respect to the Cartesian coordinates, and this is straightforward for rectangular physical domains. In general case, the physical domain can have different shapes where curvilinear meshes are required. Therefore, a coordinate transformation between physical and computational domain can be applied to the governing equations, and the discretization with the MLC schemes can be applied in the computational domain, which is very similar to the description above.
In the following part of this section, the two-dimensional Euler equations in the Cartesian coordinates are solved. A rectangular domain with periodic boundary conditions are used in all test cases. Because there is no physical boundary in the domain, uniform mesh in both directions is used, and no boundary closure schemes are required. In all the test cases, the new and original MLC scheme are compared, as well as Zhong's upwind explicit scheme. Meanwhile, a fourth-order Runge-Kutta method is applied for time integration. The CFL number is set to be 0.1 for short-time simulation, and 0.2 for long-time simulation. The small CFL number ensures stability and can maintain small error from time integration.
Two-Dimensional Entropy Wave
The first test case for the Euler equations is the two-dimensional entropy wave in (x, y) plane. The exact solution and initial condition (t=0) are given as follows, ( , , ) 1 0.2sin( ( To be general, there is an angle between the wave vector and mean flow velocity. The wave vector has an angle of π/4 from the x-axis, and the mean flow velocity has a smaller angle from the x-axis. The propagation of the twodimensional entropy wave is a passive convection. For each location, only density and temperature change during the convection, while the density and temperature patterns from the initial condition are maintained.
The computational domain is a square field within the range of 0 < x < 2 and 0 < y < 2, which includes one wavelength in both x and y-direction. A uniform mesh with N grid panels in both dimensions is used, and periodic boundary conditions on all boundaries are applied. Table 9 to Table 11 compare the errors and rates of convergence of the new MLC schemes, the original MLC schemes, and Zhong's upwind explicit schemes based on the solution of ρ at t = 2 with CFL = 0.1. Each table shows the results from the schemes with the same order of accuracy. First, the results show that both the new and the original MLC schemes can surpass the expected order of accuracy by one except when the error is close to machine epsilon (see 2-2-2-2 schemes in Table 11) , and the original scheme shows higher convergence rate due to the use of central schemes on cross derivatives, which is obvious in Table 10 and Table 11 . Zhong's upwind explicit schemes can achieve their expected order as well. Second, the new MLC scheme shows smaller error than the original MLC scheme with the same order of accuracy; the advantage of the new scheme over the original scheme is more obvious in 5th-and 7th-order cases in Table 10 and Table 11 for small N, which is consistent with the observation in the linear advection results. Besides, both the original and new MLC schemes are much more accurate than the corresponding Zhong's explicit scheme due to the spectral-like resolution. 1-1-1-1 scheme (3rd-order), the original 1-1-1-1 Similar with the analysis for the linear advection, the long-time simulation results with CFL = 0.2 at t = 100, when the mean flow has traveled for 35 domain lengths in x and 15 domain lengths in y, are presented to investigate the accuracy and stability of the MLC schemes. For the original MLC schemes, the deterioration of the solution is observed in the 2-2-1-1 scheme and the 2-2-2-2 scheme as shown in Fig. 20 a) . Again, it is triggered by the minor numerical instability of the original MLC scheme because there is no boundary source term in the periodic simulation. As a comparison, the new MLC scheme is always stable during the grid refinement, and it also shows smaller error than the original MLC scheme on the 2-2-1-1 and 2-2-2-2 stencils. In Fig. 20 b) , Zhong's explicit schemes are compared with the new MLC scheme as well. All schemes are stable during the grid refinement; however, the error of the new MLC scheme is much smaller. The long-time analysis proves that the stability and spectral resolution of the new MLC scheme is improved as well for the nonlinear Euler equations, compared with the original MLC scheme or Zhong's explicit scheme. shows that the simulation with the new MLC scheme also runs faster for the nonlinear Euler equation. The advantage of the new scheme becomes more significant when the order of accuracy increases, because the new MLC scheme avoids the approximation of cross derivatives, which is much more expensive than the secondderivative approximations for very high-order schemes. The comparison of CPU time here is more important than that in the linear advection, because most flow dynamic problems are governed by either the Euler equations or the Navier-Stokes equations. Therefore, it is a strong proof that the new MLC scheme can have better computational efficiency than the original MLC scheme in practical flow simulations. 
Two-Dimensional Isentropic Vortex
The second test case for the Euler equations is a two-dimensional inviscid isentropic vortex, which shows the performance of the current MLC schemes in vortical flow simulations. The vortex is superimposed to a uniform steady mean flow in the x-direction. The mean flow conditions are set as follows, where U∞ is the mean velocity, and Mach number M is set to be 0.5 in the following simulations. The initial conditions (t = 0) involve the mean flow and a perturbation, which is an isentropic vortex defined as follows, 
where (x0, y0) represents location of the vortex center, and r 2 = (x-x0) 2 +(y-y0) 2 . The constants ε and φ are factors related to the strength and width of the vortex. The perturbations in (u, v) and T are defined independently in Eq. (54), while p and ρ are determined by isentropic relations. In this paper, ε = 1 and φ = 1 are used. Therefore, the amplitude of perturbation in density |δρ/ρ∞| is about 6.27% at the vortex center. The vortex edge is defined at the location where |δρ/ρ∞| = 0.1%, corresponding to r = 1.15m. The exact solution of this problem is a passive convection of the perturbed mean flow, and the vortex maintains its structure during the convection. It is a good test case for assessing the ability of the MLC schemes with respect to vortex preservation, which is affected by the dissipation, dispersion, and anisotropic errors of the MLC schemes.
The computational domain is a square field within the range of 0 < x < L and 0 < y < L, where L = 22.0m. At t = 0, the vortex core is located at the center of the domain. A uniform mesh with N grid panels in both dimensions is used, and periodic boundary conditions are set on all boundaries. This domain is large enough to reduce the boundary effects because the initial perturbations on the computational boundaries are negligible.
Similar with the previous case of the two-dimensional entropy wave, a short-time simulation after the vortex has traveled approximate 10 diameters (t = 0.1267s, CFL = 0.1) is first conducted to estimate the rate of convergence of the MLC schemes. The results based on the solution of ρ from the new MLC schemes, the original MLC schemes, and Zhong's upwind explicit schemes are compared in Table 13 to Table 15 . It should be noted that N is relatively larger compared with other test cases because the computational domain is wider in this case. To be clear, the number of grid points within the vortex is given in the bracket. Similar with previous cases, the results demonstrate that all schemes can achieve the expected orders of accuracy. The new MLC scheme shows smaller error than the original MLC scheme with the same order of accuracy, and both the new and original MLC schemes are much more accurate than the corresponding Zhong's explicit scheme. A long-time simulation is carried out in the next place. Specifically, the solution at t = 1.267s (CFL = 0.2) is evaluated when the vortex has traveled approximate 100 diameters or 10 domain lengths in the x direction. To investigate the anisotropic errors, Fig. 21 compares the density contours from the new 2-2-1-1 scheme, the original 2-2-1-1 scheme, and Zhong's fifth-order explicit scheme. All schemes have the same order of accuracy. Comparing  Fig. 21 a), b) , and c) which share the same mesh, we can observe that the new 2-2-1-1 scheme with the directional discretization has obvious advantage over the other two schemes in terms of maintaining the vortex structure. It generates isotropic density distribution after the long-time simulation. As a comparison, the vortex from the original 2-2-1-1 scheme has elliptic shape, which is the reflection of anisotropy. The vortex from Zhong's fifth-order explicit scheme with N = 80 has almost damped out after the long-time simulation, which is due to larger dissipation. When the grid is refined as in Fig. 21 d) , Zhong's fifth-order scheme also shows an anisotropic distribution in the density contours. Fig. 21 . The fifth-order schemes are used for comparison and different mesh size are analyzed. All figures show clearly that the dissipative error decreases when the grid resolution increases. The dispersive error is not significant in these fifth-order schemes; while for lower-order scheme like the original 1-1-1-1 scheme, dispersive error may be observed 1 . Same as the anisotropic error, Fig. 22 shows the new 2-2-1-1 scheme has much smaller dissipation than the original 2-2-1-1 scheme when N is 80, which is the result of the improved spectral resolution. When N is increased to 160, both the new and the original 2-2-1-1 schemes are very accurate; however, Zhong's fifth-order explicit scheme still shows observable dissipation. For the sake of brevity, same analysis for third-order schemes or seven-order schemes is not presented in this paper. Similar conclusions as for fifth-order schemes can be obtained in those analysis.
In previous test cases of the linear advection and the entropy wave, the deterioration or divergence of the result is observed for the original MLC scheme in long-time simulations. Although the case of the isentropic vortex is quite stable compared with other cases, it turns out the original MLC scheme can also diverge in very high-order cases if the simulation is kept running. Table 16 shows the numerical results at t = 6.337s (CFL = 0.2), when the vortex has traveled approximate 500 diameters or 50 domain lengths in the x direction. The new and original 2-2-2-2 schemes with seventh-order of accuracy are compared. It demonstrates that on the same mesh configuration, the new 2-2-2-2 scheme has smaller error. Moreover, the original 2-2-2-2 scheme shows deteriorated results when N is increased to 160, which means the refined mesh generates less accurate results. When N is increased to 320, the result with the original 2-2-2-2 scheme diverges. This is due to the minor numerical instability of the original MLC scheme. On the other hand, the new MLC scheme is always stable and the error decreases during the refinement of the mesh. In summary, the numerical tests on the two-dimensional Euler equations demonstrates that the new MLC scheme has smaller errors in both the entropy wave and isentropic vortex simulations due to the additional degree of freedom uxy; and the advantage is more significant for very high-order schemes. The analysis on long-time simulation results proves that the computational efficiency of the new MLC scheme, especially in the very highorder cases, is improved for the nonlinear Euler equations, which is of more significance for practical flow problems. The long-time simulation also verifies that the new MLC scheme is always stable in both the entropy wave and isentropic vortex cases, while the original MLC scheme could be unstable when the simulation is kept running. Specifically, the deterioration of the solution is observed in the original 2-2-1-1 scheme in the entropy wave; and the original 2-2-2-2 scheme diverges in both the entropy wave and isentropic vortex simulations. The isentropic vortex also shows that the new MLC scheme with the directional discretization has advantage over the original MLC 1 .1 7 6
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1 . scheme or Zhong's explicit scheme in terms of maintaining the vortex structure, which benefits from the smaller anisotropic error and dissipation.
Chapter 4 tests the performance of the new MLC scheme with the two-dimensional linear advection equation and the two-dimensional nonlinear Euler equations. The original MLC scheme and Zhong's upwind explicit scheme are used for comparison. All numerical results demonstrate that the new MLC scheme has smaller errors than the original MLC scheme with the same order of accuracy, due to the better spectral resolution; and both the new and original MLC schemes are much more accurate than the corresponding Zhong's upwind explicit scheme. With the directional discretization, the new MLC scheme has better computational efficiency than the original scheme in both the linear advection equation and the Euler equations. The new MLC scheme also overcomes the minor numerical instability of the original MLC scheme; while the original MLC scheme may show deteriorated or diverged solution in very long-time simulations. It needs to be mentioned that periodic boundary conditions are used in all the diverged results, where there is no boundary source term to correct the error. In flow simulations with physical boundaries, the numerical instability of the original MLC scheme can be suppressed.
V. Discussions and Conclusions
In this paper, the very high-order upwind multi-layer compact (MLC) scheme developed by Bai and Zhong 1 is revisited and analyzed with focus on the two-dimensional case. The goal is to resolve some remaining problems in the original MLC scheme 1 for two-dimensional simulations. Specifically, we want to overcome the minor numerical instability triggered by the inconsistency between the 1-D and 2-D MLC formulations, remove the uncertainty in cross-derivative approximation, and improve the accuracy and computational efficiency of the original MLC scheme. In the new MLC scheme presented here, a directional discretization technique is designed to extend the 1-D upwind scheme to two-dimensional cases. By introducing the auxiliary equation for the cross derivative, the spatial discretization can be fulfilled along each dimension independently. This directional discretization technique avoids any inconsistency from the 1-D and 2-D MLC formulations, such as the difference between the 1-D upwind scheme and the 2-D central scheme. It also overcomes the uncertainty arising from the approximation of cross derivatives. The two-dimensional Fourier analysis is performed to investigate the stability, accuracy, and spectral resolution of the new MLC schemes; and the matrix method is used to analyze the stability of the boundary closure schemes. 1) The Fourier analysis demonstrates that the new MLC scheme is always stable in two-dimensional cases; while the original MLC scheme shows minor numerical instabilities when both the convention angle and Fourier wave angle is non-zero. The new MLC scheme also has better spectral resolution than the original MLC scheme for two-dimensional cases, due to its additional degree of freedom -the cross derivative.
2) The anisotropy analysis of the phase speed shows that the new MLC scheme has smaller dispersive error than the original MLC scheme along any orientation, and the anisotropic error is also reduced for a large portion of wavenumbers in [0, 2π] .
3) The analysis with the matrix methods indicates that stable boundary closure schemes are also easier to be obtained for the new MLC scheme in two-dimensional cases. The new MLC scheme shows much better boundary stability for small α values; while the original MLC scheme, specifically the seventh-order 2-2-2-2 scheme, requires very large α values which introduce too much dissipation.
4) The numerical tests on the linear advection equation, and the Euler equations demonstrate that the new MLC scheme can achieve smaller errors compared with the original MLC schemes or Zhong's explicit schemes, due to the additional degree of freedom -the cross derivative. Specifically, the isentropic vortex case shows that the new MLC scheme has significant advantage in terms of maintaining the vortex structure, which benefits from the smaller anisotropy and dissipation. By avoiding the time-consuming cross-derivative approximation, the new MLC scheme also has better computational efficiency. Both the advantage on accuracy and computational efficiency of the new MLC scheme is more significant in very high-order schemes, which is desirable for complex flow problems that requires extremely accurate numerical methods.
5) The long-time simulation verifies that the original MLC scheme could be unstable in some cases. Specifically, the deterioration of the solution is observed in the original 1-1-1-1 and 2-2-2-2 scheme in the linear advection with periodic boundary conditions; the original 2-2-2-2 scheme with recommended α value of 12 is unstable for the linear advection with non-periodic boundary conditions; and the deterioration of the solution is observed in the original 2-2-1-1 and 2-2-2-2 scheme in Euler equations. On the other hand, the new MLC schemes 
